We propose an effective Lagrangian for the low energy bulk theory of the Pfaffian states of the fractional quantum Hall effect in terms of non-Abelian Chern-Simons (CS) actions. Our approach exploits the connection between topological CS and chiral conformal field theories and can be applied to large class of non-Abelian FQH states.
Introduction
The Pffafian fractional quantum Hall (FQH) state has received much attention recently, having been proposed as a candidate to describe the ground state properties of the experimentally observed ν = 5/2 FQH plateau of a single layer two-dimensional electron gas (2DEG), and ν = 1/2 in double layer systems. The Pfaffian states [1, 2] belong to a family of FQH states whose excitations exhibit non-Abelian statistics. All of these states involve some sort of pairing (or more generally multi-particle bound states) among the electrons [3] The generalized q−Pfaffian wave function has the form
where ℓ 0 is the cyclotron lenght, ℓ 2 0 =hc/(eB). This wave function describes an incompressible ground state. Thus, all its bulk excitations have a finite energy gap and the only gapless excitations reside at the physical boundary of the system. These boundary or edge excitations are gapless and, as the external magnetic field breaks time reversal symmetry, their Hilbert space is described by a chiral CFT. A salient feature of this state is that it supports quasiparticles which exhibit non-Abelian braiding statistics.
The incompressibility of the bulk state, the breaking of time reversal invariance, and the existence of locally conserved currents together imply that the low energy physics of the bulk states should be describable in terms of a Chern-Simons gauge theory with a suitably chosen gauge group [4] . In this way, the correspondence between the Hilbert space of the bulk FQH state and its edge excitations reduces to the correspodence between a Chern-Simons gauge theory and chiral CFT [5, 6] . These considerations led Wen to postulate that, at least for the Abelian FQH states, the edge chiral CFT is determined by the conformal block structure exhibited by the holomorphic factors of the wave function (this being the origin of the concept of bulk CFT) [7, 8] .
A similar low energy description of the bulk non-Abelian states should exist. By direct study of the Pfaffian wave function a number of authors have proposed chiral edge theories for several non-Abelian states [9, 10, 11] . For the case at hand, the Pfaffian state, the holomorphic Pfaffian factor in (1) can be seen to correspond to the conformal blocks of an Ising CFT, while the Laughlin factor corresponds to a RCFT of a massless U(1) chiral boson with compactification radius R = 1/ √ q. The non-Abelian structure is encoded in the Ising sector. Thus, the corresponding edge chiral CFT is a direct product of an Ising sector and a U(1) RCFT [1] ,
with total central charge c = 1/2 + 1. For convenience, the Ising sector can also be described by a SU(2) 2 /U(1) coset CFT. A general low energy effective theory of the bulk non-Abelian states is still lacking. The structure of the Pfaffian wave functions and their generalizations, and the quantum numbers of the excitations that they support (in particular the existence of excitations with non-Abelian statistics in the spectrum) strongly implies that the effective low energy theory should necessarily include non-Abelian Chern-Simons gauge fields at level k > 1. Hence, the boundary theory is chiral and it should contain a coset CFT also at level k > 1. However, as in the case discussed above, in general the CFT has several factors which should be glued together in a very specific way. Thus, the problem of finding the effective theory of the bulk must be connected with the problem of finding a Chern-Simons theory, at some level k > 1, whose boundary is a coset CFT. Since the CFT is a chiral CFT with constraints, the problem also involves finding the origin of the constraints in the bulk physics and the connection with the physics of pairing. Recent work by several groups [12, 13, 14, 15] has shown that, at least for a few specific cases, it is possible to construct such theories, although a general classification is still lacking.
In this paper we propose an effective theory for the bulk state that has a natural connection with the physics of the edge. Here we will use the following strategy. Since it is possible to determine the structure of the CFT directly from the structure of the wave function, and it is known to be the chiral coset CFT SU(2) 2 /U(1)⊗U(1) q , we will look for a natural bulk Chern-Simons theory whose boundary CFT is the chiral coset. In addition, in order to construct the spectrum of bulk excitations, we have to supply a set of specific rules that will tell us how to put together the representations of the different sectors of the theory to make a physical excitation. In principle these rules should be a consequence of the underlying physics of the bulk that causes the system to have a Pfaffian state as its ground state. The natural candidate for such an effective theory should be a topological quantum field theory on a manifold with boundary, supplied with a set of appropriate boundary conditions. The boundary conditions play a twofold role: (a) they define the actual dynamics at the edge (and hence its energetics), and (b) they will specify how the excitations are actually built. This approach is a natural generalization of the well known U(1) Chern-Simons description of the Abelian FQH states (see e.g. [7] ). In this case it is well established that the full low energy dynamics is described by a bulk (multicomponent) abelian CS theory, with edge modes described by a (set of) chiral U(1) RCFT of free bosons. This description works for generic Abelian FQH states but it is not sufficient to reproduce the non-Abelian structure of e.g. the Ising sector of the Pfaffian state. The content of the present paper constitutes a generalization of these previous schemes to the Pfaffian state and other non-Abelian FQH systems. We use the general approach to non-Abelian CS topological field theories on manifolds with boundaries, as developed by Moore and Seiberg [16] , suitably extended to include the boundary contitions relevant to the physics of the Pfaffian state. Our approach should work for any non-Abelian FQH state with a boundary CFT determined by a chiral current algebra (as in the chiral coset CFT's). However, we note that there exist non-Abelian FQH states which can be obtained by projecting a generic multicomponent Abelian theory [17, 18] and their CFT's are not generated by a current algebra. The relation between these projected Abelian theories and the Pfaffian (and its generalizations) is an interesting open question.
CS-CFT connection in the path integral framework
We will summarize here the way to connect a CS theory on a 3-dimensional manifold Ω with boundary (say D × R) with a CFT on the boundary ∂Ω (S 1 × R). The bulk CS theory is a topological field theory (in the sense that the CS action is independent of the metric of the manifold Ω). Therefore, on a manifold with a boundary, the definition of the theory must include boundary conditions, and different conditions will in principle lead to different theories. We will adopt as a general criterion for boundary conditions that surface terms should not appear in the equations of motion [16] . However, unlike reference [16] , we will not demand that the total Virasoro central charge of the CT at the boundary to vanish since we want an effective theory with non-trivial dynamics at the boundary.
In the derivation that we present below of the bulk CS partition function has a first step in which a component of the gauge field (say A t ) is recasted as a Lagrange multiplier and integrated out. Then, the delta function condition thus arising is solved explicitely via an adequate parameterization of the degrees of freedom, and all 3-dimensional integrals are shown to depend only on the boundary fields (they are total divergences or topological WZW terms). We begin by reviewing first the well known case of the pure CS theory discuss how to implement the chiral dynamics at the edge by a suitable choice of boundary conditions. We then modify this procedure to the case of chiral coset CFT's and derive the effctive theory of the bulk. As a byproduct, we will find a set of rules that generates the physical observables.
Pure CS theories
Consider the CS action on Ω
where the gauge field is taken in the Lie algebra of a group G. We use the conventions
In components the CS action reads
The variation of the action is
where dS µ is a surface element normal to ∂Ω. The boundary conditions should be such that the surface term vanishes for any allowed variation of the gauge field. In our geometry D × R different possibilities are to set A t = 0, or A x = 0, or any linear combination such as A t + vA x = 0 (being ∂Ω = S 1 × R, we use x for the compact direction S 1 and t for the real line R).
Let us first consider A t = 0 on ∂Ω [22] . In this case one can write
where now i, j indicate the Ω coordinates on D, different from t. Surface terms have been discarded using the boundary condition.
The partition function
can now be easily transformed in the following way: A t is integrated out, imposing the condition F ij = 0. Then the only contributing configurations are explicitely parameterized as a 2D pure gauge,
It is worth noting that the Jacobians arising from the change of variables A 1 → g cancel out exactly with the one coming from the delta functional written in terms of the new fields. The remaining effective action reads
After some algebra, the partition function reads
where S Ch W ZW is a kind of chiral Wess-Zumino-Witten (WZW) action,
However, this result presented in [22] is not satisfactory for our present interest in the sense that the action (13) has no propagating degrees of freedom 3 .
Modification of the boundary conditions
We will now change the theory by modifying the boundary conditions to A t + vA x = 0. The previous computation can be copy cut if we define new coordinates on Ω asx = x + vt y = ỹ t = t (14) so that the covariant vectors change as
The action (3) is invariant under this change of coordinates, so that all the previous computations proceed in the same way, writingÃ instead of A. At the end of the procedure we get as effective action the chiral WZW action as studied in [19] :
which describes propagating edge excitations as desired. For later convenience, let us write out the particular Abelian (Ĝ =Û (1)) form of eq.(16),
which is of course nothing but the usual chiral boson action [20, 21] .
CS-CFT connection for Coset theories
As we pointed out in the introduction, the Ising CFT of interest in the present note can be formulated as a SU(2) 2 /U(1) coset CFT. In consequence we will extend the previous treatment to the case in which the boundary theory is a CosetĜ k G /Ĥ k H , k G = lk H , with l being the index of the embedding ofĤ in G. We will follow the approach in [16] as well as a suitable modification in the boundary conditions so as to study the physical realization of the Pfaffian state [13] .
We start now from the bulk action given by the difference of the CS action ofĜ k G and that ofĤ k H
together with the boundary conditions
We consider again Ω = D × R and hence ∂Ω = S 1 × R. PĤ and PĤ ⊥ denote the projectors on the Lie algebraĤ and its orthogonal complement respectively. These boundary conditions satisfy the general criteria of having no boundary terms in the equations of motion, and allow to write each CS term in the form of eq.(8) as boundary terms arising from the integration by parts vanish. After integrating out A t and B t the partition function takes the form
where i, j are the indices corresponding to the coordinates on D.
The zero curvature constraints are easily solved on the simply connected 2D manifold D in terms of group valued fields g ∈ G, h ∈ H
The boundary conditions on the x components have to be explicitly implemented. This is done by means of a Lagrange multiplier λ ∈Ĥ
Putting all these things together we get
Now, being k G = lk H , we change variables to
where C x , C t are gauge fields inĤ. Using the Polyakov-Wiegmann identity we arrive to an effective action in the form of a Chiral gauged WZW action
for the fields U ∈ G, C i ∈Ĥ (the functional integral over h is factored out as the volume of the group H). This effective action corresponds to the coset theoryĜ/Ĥ. Here again, we use the tilde notationS Ch,gauged W ZW in order to emphasize that this is a kind of chiral theory with no propagating degrees of freedom.
Modification of the boundary conditions for the coset theory
We can easily modify the spectrum of the theory and introduce chiral propagating excitations by a suitable modification of the boundary conditions for the CS fields. In fact, it is enough to use the coordinates in eqs. (14, 15) and impose the boundary conditions (19) for the tilde components of the gauge fields. The modified boundary conditions read
The resulting effective action reads
and describes a propagating chiral CFT for theĜ k G /Ĥ k H coset theory. Let us conclude this section by describing the content of physical observables in the coset CS theory: the gauge group of the coset CS theory is not simply G × H due to the imposed boundary conditions. In fact, the common center of G and H has to be mod out. Then, the observables in the coset CS theory are built up as products of Wilson loop operators in representations Λ in G and λ in H satisfying the rules that (a) both representations should transform in the same way under the common center so that the product of Wilson loops is invariant under its action and (b) representations related by the spectral flow associated to the center should be identified [16] .
This indicates that gluing the theories at the boundary, as is done through the boundary conditions (19) , ensures that only the physical representations are allowed to appear in the bulk. (This is not surprising since there is be a one-to-one correspondence between bulk and edge states). This ensures that the observables of the coset CS theory correspond to the correct integrable representations of the coset CFT [16] .
3 Bulk theory for the ν = 1/q Pffafian FQHE state All the above mathematical setting can be now readily applied to construct an effective action for the ν = 1/q Pffafian FQHE state (q even). It is given by the sum of two terms,
corresponding to the Ising and U(1) sectors respectively. The action for the Ising sector (SU(2) 2 /U(1)) is given by eq. (28), with k G = k H = 2, G = SU(2) and H = U(1)
together with the boundary conditions (26) . The effective action for the U(1) sector simply reads
with the boundary conditions C t + vC x = 0, which ensure the chiral boson properties for the charge degree of freedom on the edge and do not couple the C-field to the Ising sector. Let us remark that the bulk partition function
with the imposed boundary conditions can be identified, as shown throughout this work, with that of the edge theory
Let us now detail the observables of the proposed theory:
-For the case of the SU(2) 2 /U(1) coset chiral edge CFT, the gauge group of the coset CS theory is
We present in consequence a detailed description of the corresponding physical representations. First, the CS observables correspond to Wilson loop operators in the integrable representations of the loop group [5] . In the case of SU(2) 2 they are labeled by the spin j and restricted to Λ 0 , Λ 1/2 , Λ 1 , [25] . For the U(1) 2 CS, the corresponding representations λ q are labeled by the U(1) charge which is restricted to the set q = 0, 1, 2 [16] . Being Z 2 the common center for these groups, transformations by the center just mean parity and the first rule matches together (Λ 0 , λ 0 ), (Λ 1/2 , λ 1 ) and (Λ 1 , λ 0 ), the other pairs being redundant by rule (b). This leads to the correct representations for the edge chiral CFT.
-In the case of a direct-product CS theory, (such as the present Z 2 × U(1) q in the Pfaffian), the boundary conditions do not relate observables, and we still have to combine together the integrable representations of the Z 2 sector with those of the level q − U(1) sector to build up the integrable representations of the whole theory. All different possible products of the integrable representations of the sectors should correspond to the allowed ones in the direct-product CS theory.
The topological properties of the proposed effective action completely characterize the universality class corresponding to the Pfaffian state. In fact, the theory predicts the same topological properties as that proposed in [13] , i.e. the ground state degeneracy on the torus, the degeneracy of the quasihole states and non-Abelian braiding statistics. This is a direct consequence of the fact that the non-trivial non-Abelian structure is encoded in the Ising factor, which inherits its structure from the SU(2) 2 theory from which it is derived.
Conclusions
In this paper we propose a general method to construct effective actions for non-Abelian FQHE states, following mainly the techniques developed in [16] for CS topological field theories on manifold with boundaries.
We show that suitably modified boundary conditions lead to the correct edge description for the chiral (gapless) physical propagating modes. We also study the issue of the allowed representations in such theories which provides a one-to-one correspondence between bulk and edge observables.
In particular, we have seen that for a given action describing the edge physics, e.g. in the case of the q-Pfaffian state which action is given by 
We have proven this connection through the equality of the corresponding partition functions Z bulk ≡ Z edge (36) and we have furthermore shown a one-to-one correspondence between observables (physical operators) in the edge and in the bulk. One of the main advantages of the present approach is that it can be extended to other non-Abelian FQHE states, such as those recently proposed in references [15] and [28] . The connection between the proposed effective action with those given by previous authors [15] , [13] , and the microscopic origin of such an effective action are open points that remain to be studied.
